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We address, using concepts of the microscopic theory of superconductivity, parametric amplifiers
and kinetic inductance detectors focusing on the interaction of microwave radiation with the su-
perconducting condensate. This interaction was identified recently as the source of the apparent
dissipation in microwave superconducting micro-resonators at low temperatures. Since the evalua-
tion of the performance of practical devices based only on the microwave-response is not sufficiently
informative about the underlying physical processes, we propose an experimental system to measure
the microscopically relevant spectral functions as well as the non-equilibrium distribution function
of a microwave-driven superconducting wire. The results indicate the limits of the commonly used
phenomenological theories, providing the groundwork for further optimisation of the performance.
I. INTRODUCTION
In recent years there has been an increased inter-
est in the use of conventional superconductors in the
presence of a microwave field, for example in quantum
computation1,2, parametric amplification3, and for astro-
nomical muliti-pixel detection with microwave kinetic in-
ductance sensors4,5 The subject is also closely related to
efforts to measure the Higgs mode in superconductors6–9.
The experiments are carried out far below the critical
temperature of the superconductor, where few quasi-
particles are present and the properties in response to
the microwave field are dominated by the superconduct-
ing condensate.
A commonly used assumption for the non-linear re-
sponse of a superconductor is summarized in writing the
kinetic inductance as
Lk(I) ≈ Lk(0)
[
1 +
(
I
I∗
)2]
(1)
with I∗ the scale of the non-linearity and Lk(0) =
~Rn/π∆, with Rn the resistance in the normal state and
∆ the superconducting energy gap. Such an expression
is the adaptation of the standard Ginzburg-Landau anal-
ysis of a dc current-carrying superconductor10, assuming
I/I∗ ≪ 1. The underlying microscopic picture is a su-
percurrent carried by Cooper-pairs, which in rest have
net zero momentum (~k ↑,−~k ↓). When a supercurrent
flows all Cooper-pairs have a net momentum, ~ps, or pairs
with ((~k + ~ps) ↑, (−~k+ ~ps) ↓). The kinetic energy stored
in the moving condensate goes at the expense of the net
condensation energy, which results in a reduced order
parameter Ψ, i.e. a reduced energy gap ∆. In order
to apply this analysis to the kinetic inductance at high
frequencies, ranging from microwave to THz frequencies,
the time-response of the system is important too11. For
an instantaneous response of the order parameter to the
change in the supercurrent the quantity I∗ differs from
the one with a delayed response, because of the very
long relaxation time. Such a time-delay has been ex-
perimentally observed10 by applying current-pulses with
a current larger than the critical current, causing, with
indium as a superconductor, a time-delay in the order
of nanoseconds in agreement with an energy-relaxation
time of 148 psec. Both the Ginzburg-Landau analysis as
well as the analytical expressions for the non-equilibrium
response are applicable only close to the critical temper-
ature of the superconductor, Tc. The new applications
are at much lower temperatures, where the order param-
eter is energy-dependent, and the response to radiation
2needs to take into account the change in the density-of-
states (DOS) due to the absorbed radiation. In addition,
the microwave-frequency in comparison to characteristic
relaxation times needs to be considered.
Experimentally, it was demonstrated by De Visser et
al
12, that the resonant frequency of an Al supercon-
ducting resonator shifts with increased microwave power.
This shift appears to be analogous to a temperature rise
although the applied frequency ω0 has a photon-energy
much lower than the energy gap ∆, which rules out pair-
breaking by the photon-energy. In addition, because the
measurements are carried out far below Tc the density
of quasiparticles is very low. Therefore, we studied the-
oretically the nature of a superconducting condensate,
which oscillates at a frequency ω0 due to an applied mi-
crowave field. It was demonstrated13 that the microwave
field has a depairing effect on the superconductor, anal-
ogous to that of a dc current14–17, but qualitatively dif-
ferent. The DOS loses the sharp peak at the gap energy,
which is comparable to what happens with a dc current,
but in addition it acquires features at specific energies
∆ ± n~ω0, with ∆ the modulus of the order parameter.
These features in the density-of-states are a manifesta-
tion of Floquet states, which are the eigenstates of any
quantum-system, exposed to a periodic field18. It was
also shown13 that the DOS develops an exponential-like
tail in the sub-gap region.
The present study is carried out to relate the phe-
nomenological expression of Eq. 1 and the recently de-
veloped microscopic properties of a superconductor with
an oscillating condensate. On general grounds we ex-
pect that the quadratic dependence does not change, but
we like to be able to calculate the parameters. In ad-
dition, the conceptual understanding of the response of
a uniform superconductor, such as aluminium, assumed
here, may provide insight to understand also the dif-
ference with the response of inhomogeneous supercon-
ductors such as niobium titanium nitride (NbTiN)19 or
granular aluminium (GrAl)20. In the present article we
present additional theoretical results for a realistic case
by including inelastic scattering. In addition, we present
the design of an experiment which would enable a mea-
surement of the microscopic parameters with a tunnel-
probe of a superconductor exposed to a microwave-field,
while at the same time avoiding that the tunnel-process,
intended as a passive probe, is effected by the microwave
field.
II. ACTION OF MICROWAVES ON THE
SUPERCONDUCTING CONDENSATE
In order to go beyond the phenomenological Ginzburg-
Landau theory we need to use the microscopic theory of
non-equilibrium superconductivity25–27,29. It allows us
to access the practically relevant regime of ∆ ≫ kBT
and it includes the fact that the superconducting prop-
erties are dependent on the energy. This dependence is
very well known from tunnelling experiments, but it also
enters the response of the superconducting condensate to
microwave radiation. We assume a dirty superconductor
i.e. with an elastic mean free path ℓ much smaller than
the BCS coherence length ξ0, meaning that we can rely on
the Usadel-theory28 for impurity-averaged Green’s func-
tions. As shown by Stoof and Nazarov21, for the experi-
mental conditions met in the present subject the theory
can conveniently be expressed in the complex function
θ(E) and the real function φ(E).
The retarded and advanced Green’s functions are ex-
pressed geometrically by two matrices
GˆR =
(
cos θ e−iφ sin θ
eiφ sin θ − cos θ
)
and
GˆA =
( − cos θ¯ e−iφ sin θ¯
eiφ sin θ¯ − cos θ¯
)
with θ = θ(r, E) a complex angle which is a measure
of the pairing, for short called the pairing angle, and
φ = φ(r, E) is the superconducting phase, a real quan-
tity. With these variables one expresses quantities famil-
iar from the Ginzburg-Landau theory such as the super-
current Js and the density of superconducting electrons
|Ψ|2 in microscopic variables. For the supercurrent we
have:
js =
σN
e
∫ +∞
−∞
dE tanh
(
E
2kBT
)
Im sin2 θ
(
∇φ− 2e
~
~A
)
(2)
and for the density of superconducting electrons:
|Ψ|2 = m
e2~
σN
∫ +∞
0
dE tanh
(
E
2kBT
)
Im sin2 θ (3)
Here, σN = e
2N0D is the normal state conductivity, with
N0 the density-of-states in the normal state, including
spin, and D the diffusion coefficient. m is the electron
mass. The second quantity makes clear that the density
of superconducting electrons is determined by Im[sin2 θ],
which is equivalent to an effective energy dependent den-
sity of pairs. The integration over the energies weighted
with the Fermi-Dirac distribution determines the aver-
aged quantity |Ψ|2. So for a proper understanding of the
response of the superconductor one needs to know θ(E)
and φ(E). The kinetic inductance is determined by the
density of superconducting electrons through:
Lk =
m
e
1
eσN |Ψ|2 (4)
which illustrates that the non-linear response of the ki-
netic inductance is due to a change of the density of su-
perconducting electrons, which on its turn is determined
3by the energy-dependent pairing angle θ. The single par-
ticle density-of-states, which is the quantity which is mea-
sured with a tunnel-junction, is given by
N(r, E) = N0Recos θ(r, E). (5)
A. DC currents and microwave currents
For a stationary current-carrying superconductor An-
thore et al17 have shown that the quantities θ and φ are
determined by two basic equations:
E + iΓ cos θ = i∆
cos θ
sin θ
(6)
and
~∇(~vs sin2 θ) = 0 (7)
with ~vs = D[~∇φ − (2e/~) ~A] and Γ given by (~/2D) v2s .
Experimentally, either a magnetic field or a current is im-
posed forcing a value for Γ, which then leads to solutions
of Eq. (6), i.e. for θ(E). For later use we rewrite Eq. (6)
to
iE sin θ +∆cos θ + αdcΠ = 0 (8)
with αdc defined as Γ/4 and Π = 4i cos θ sin θ = 2i sin θ.
For αdc = 0 we find the conventional BCS-solution. With
finite αdc the BCS density-of-states is rounded as well
as a reduced value for the energy gap in the excitation-
spectrum is obtained. We assume here a uniform current
over the cross-section of the wire.
The effect of a dc supercurrent and a magnetic field
on the superconducting state has been measured by An-
thore et al17, i.e. the effect on θ(r, E) by measuring
the density-of-states of the superconductor with a tunnel-
junction. The results illustrate that for a uniform cur-
rent density and for a narrow strip in a magnetic field
the response of the superconductor is for low current
densities identical. For higher values of α a difference
occurs when the supercurrent reaches the critical pair-
breaking current at which point stable solutions seize to
exist. For the magnetic field solutions continue to ex-
ist going down smoothly until a gapless state is reached.
The change in θ(r, E) enters also the kinetic inductance,
through Eqs. (3) and (4) leading to an increase in the ki-
netic inductance due to a reduction in the density of su-
perconducting electrons, which reflects a reduction in the
pairing angle θ(r, E). At small current, I/I∗ ≪ 1, this
increase of kinetic inductance with the current is given
by Eq. (1) with I∗ ≃ 2.69Ic, where the depairing critical
current Ic ≃ 0.75∆u/eRξ17, Rξ is the normal resistance
per the coherence length ξ =
√
~D/∆u, with ∆u the
unperturbed value of the energy gap. The zero-current
kinetic inductance, in the limit ∆u ≫ kBT , is given by
Lk (0) = ~RN/π∆u, with RN the normal resistance.
An electromagnetic field, defined as the vector poten-
tial A, represents the microwave field A = A0 cos(ω0t)
with frequency ω0, which leads to an ac supercurrent.
In using the Usadel equations, we assume a dirty super-
conductor in which the momentum of the electrons is
randomised by impurity scattering faster than the rel-
evant processes. We will restrict the analysis to small
intensities of the rf-drive and frequencies less than the
unperturbed energy gap ∆u:
α≪ ~ω0 ≪ ∆u, (9)
with the parameter α the normalized intensity of the rf-
drive30: α = e2DA20/4~. The inequalities of Eq. (9) im-
pose the same restriction on α, ω0 and ∆u as used pre-
viously in Semenov et al13, which means that the condi-
tions for the ’quantum mode of depairing’ are fulfilled31.
We assume that the temperature is low, kBT ≪ ∆u,
hence the number of thermal quasiparticles at energies
of order of ∆u is negligible. While evaluating the tunnel-
relaxation model, we also assume that α ≪ Γinel, which
is a technical assumption required to apply linear expan-
sion of the Green functions in α, and does not affect any
of our results qualitatively.
The response to an ac current with frequency ω0, in
the microwave-range, has been presented in Semenov et
al13 and rewritten in the variables θ and φ it leads again
to Eq. 8 with αdc → α and the function Π replaced by:
Π = i sin θ(cos θ+ + cos θ−) + i cos θ(sin θ+ + sin θ−)
(10)
with the subscripts representing the argument being E+
~ω0 orE−~ω0. It represents the moving superconducting
condensate due to the oscillating microwave currents.
To facilitate the comparison with experimentally more
accessible values, we express α/∆u in terms of the in-
duced rf supercurrent Irf . One can relate the amplitude
of the induced current I0 and the field as Lk,uI0 = A0,
where Lk,u is defined per unit length along the wire. This
is just Eq. (2) in the limit of a small current density, with-
out the phase gradient. One arrives at
α
∆u
. =
1
2π2
〈
I2rf
〉
(∆u/eRξ)
2 ≃ 0.028
〈
I2rf
〉
I2c
. (11)
by expressing α through Irf as α = e
2D (Lk,uI0)
2 /4~ =
e2D (Lk,u)
2
〈
I2rf
〉
/2~, with
〈
I2rf
〉
= I20/2 the mean
square of the induced rf-current.
B. Inelastic scattering
At any finite temperature, the presence of microwave
results in an absorption of microwave energy by electrons,
which needs to be balanced by an inelastic scattering pro-
cess. Hence, in the kinetic equation we take into account
inelastic scattering, which for consistency should also be
studied for the spectral properties. In Semenov et al13
4this was not done explicitly with the assumption that
the presence of quasiparticle relaxation was used implic-
itly. Without a strong enough relaxation the distribu-
tion function can not have the equilibrium form assumed
in the previous work. Inelastic scattering is introduced
by assuming a relaxation time approximation, which is
equivalent to take the self-energy of the form23,24:
Σ˘inel = −iΓinelG˘res, (12)
with Γinel the tunneling rate and G˘res the Green’s func-
tion of an equilibrium ’reservoir’ to which the ’hot elec-
trons’ tunnel. Formally, this model corresponds to the re-
laxation time approximation. In principle, it can be com-
pared to a thin film superconductor coupled to a large
normal reservoir via a tunnel barrier with a transparency,
equivalent to a tunnel-rate equal to Γinel. While, un-
der realistic conditions, tunnel-coupling to a reservoir
is not the mechanism of energy relaxation, it is a very
useful and tractable model, which captures the essential
physics. Its predictions about the effect of the microwave
drive on the spectral functions remains qualitatively cor-
rect for the case of electron-electron or electron-phonon
interaction inside the superconductor. Moreover, as we
will discuss below, the effect of the ac-drive on quanti-
ties like the order parameter and the kinetic inductance
are insensitive to details of the superconductor’s spectral
properties introduced by the inelastic processes. Hence,
the corresponding results derived with the chosen model
are correct quantitatively.
In terms of the pairing angle θ one obtains:
(iE − Γinel) sin θ +∆cos θ + αΠ = 0 (13)
This expression provides solutions for θ(E) for a given
value of α and for a material dependent inelastic scatter-
ing rate Γinel. A typical result for the density-of-states,
Eq. (5), is shown in Fig. 1 using results to be presented
in the next section.
C. Analytical results
Employing the self energy Eq.(12), one comes to
the kinetic equation for the stationary longitudinal
components25–27 of the quasiparticle distribution func-
tion fL :
Iphot [fL] + Iinel [fL] = 0. (14)
Here, the electron-photon collision term Iphot describes
creation of the quasiparticles and absorption of energy,
and the inelastic scattering term Iinel provides quasipar-
ticle and energy relaxation. The integral of electron-
photon collisions is given by:
Iphot = α (R+ (fL − fL+) + R− (fL − fL−)) , (15)
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FIG. 1. The normalized DOS of a superconductor
N(E)/N0 = Re[cos θ(E)] with α/∆u = 10
−3 and ~ω0/∆u =
0.1 on an expanded energy-scale. The red curve is with ra-
diation and the black without. A total inelastic parameter is
assumed of Γinel/∆u = 0.01. The inset shows the full den-
sity of states making clear that the deviations are small, but
observable in order to evaluate the conceptual framework.
with R± = Re[cos θ±] + Im[sin θ]Im[sin θ±]/Re[cos θ]
(more details on the derivation of this electron-photon
collision integral can be found in Semenov et al32).
The integral of inelastic collisions in the relaxation time
approximation is
Iinel = Γinel (fL − fL,res) = ΓinelδfL, (16)
in which fL,res is the distribution function of quasipar-
ticles of the ’reservoir’, which is assumed to be in equi-
librium at a base temperature T . The subscript L is
used as a reminder that only a longitudinal type of non-
equilibrium, symmetric around EF is relevant
10.
The set of Eqs. (13) and (14) is closed by the self-
consistency equation, which has the usual form,
∆ = λ
~ωD∫
0
dεfLIm sin θ, (17)
with ωD the Debye frequency and λ the electron-phonon
coupling constant.
The linearization of Eq. (13) gives:
(E + iΓinel)δ sin θ − i∆uδ cos θ − i cos θuδ∆+ αΠu = 0
(18)
with δ sin θ ≡ sin θ−sin θu, δ cos θ ≡ cos θ−cos θu . Here,
θu denotes the unperturbed solution without rf-drive, for
α = 0, and is given by:
5cos θu =
(E + iΓinel){
(E + iΓinel)
2 −∆2u
}1/2 ≡ (E + iΓinel)Ξ ,
(19)
i sin θu =
−∆u{
(E + iΓinel)
2 −∆2u
}1/2 ≡ −∆uΞ , (20)
with ∆u the value of the order parameter for no rf-
drive and Ξ ≡
{
(E + iΓinel)
2 −∆2u
}1/2
. In the limit
of Γinel → 0 the unperturbed functions in Eqs. (19) and
(20) reduce to the standard BCS solution25–27. The fi-
nite Γinel describes the broadening of the superconductor
spectral functions due to the inelastic processes33.
The solution of the linearized Eq. (18) has the form:
iδ sin θ = i
∂ sin θ
∂∆ |α=0
δ∆+ i
∂ sin θ
∂α |∆=∆u
α, (21)
δ cos θ = tan θuδ sin θ =
∆u
E + iΓinel
iδ sin θ, (22)
The partial derivatives are given by
i
∂ sin θ
∂α |∆=∆u
=
=
i∆u {(E+ + iΓinel) + (E + iΓinel)} (E + iΓinel)
Ξ+Ξ3
+
+ {E+ → E−} ,
(23)
and
i
∂ sin θ
∂∆ |α=0
=
− (E + iΓinel)2
Ξ3
. (24)
Eq. (21) expresses the linear change of the Green function
δ sin θ under the influence of rf-drive as a sum of two
terms: the one, proportional to the normalized rf-drive
intensity α, and the other, proportional to the variation
of the order parameter δ∆.
Since the change of the order parameter is determined
in part by the nonequilibrium distribution function of
the quasiparticles, we first determine this quantity from
the kinetic equation. Just for simplicity, here we restrict
our derivations to the limit kBT ≪ ~ω0 (later, we will re-
move this restriction). Then the differences fL,u− fL±,u
are unequal to zero only in the small energy interval
−~ω0 < E < ~ω0, where Re cos θu ∼= Re cos θ±,0 ∼=
Γinel/∆u and Re sin θu ∼= (Γinel/∆u) (E/∆u) ≪
Re cos θu. Hence, the electron-photon colli-
sion integral (15) can be simplified to Iphot,u =
α (Γinel/∆u) {(fL,u − fL+,u) + (fL,u − fL−,u)}. Then
the solution of the kinetic equation (14) has the following
form:
δfL =
∂fL
∂α |∆=∆u
α, (25)
with
∂fL
∂α |∆=∆u
=


− 2∆u , E ∈ (0, ~ω0)
2
∆u
, E ∈ (−~ω0, 0)
0, E /∈ (−~ω0, ~ω0)

 . (26)
Note that, with the chosen model of relaxation (12), the
quantity, which characterizes the strength of the inelastic
interaction, Γinel, drops out of the answer. The reason is
that both collision integrals in the kinetic equation (14)
are proportional to Γinel.
The linearization of the self-consistency equation (17)
leads to the following relation for the small correction of
the order parameter δ∆:
δ∆ = δθ∆+ δfL∆. (27)
with
δθ∆ = α
∫ ∞
0
dE
∂Im[sin θ]
∂α |∆=∆u
fL,u, (28)
and
δfL∆ = α
∫ ∞
0
dEIm[sin θu]
∂fL
∂α |∆=∆u
(29)
Here, Eq. (28) describes the change of the order parame-
ter ∆ due to the change of the anomalous Green function
sin θ, and Eq. (29) - due to the change of the distribution
function fL.
Substituting into Eq. (28) and Eq. (29) the formulas for
∂αsin θ|∆=∆u Eq. (23) and ∂αfL|∆=∆u Eq. (26) makes it
possible to calculate these corrections analytically. Tak-
ing into account that the integrand in Eq. (29) is ana-
lytical in the upper half-part of the complex plane and
decays faster than 1/E at infinity, we replace the inte-
gration over the real semi-axis E ∈ (0,+∞) to the inte-
gration over the imaginary semi-axis iE ∈ (0,+i∞) and
obtain, after dropping terms of nonzero order in Γinel/∆u
and ~ω0/∆u:
δθ∆
α
∼=
∫ ∞
0
dy
4y2
{y2 + 1}2
= −π. (30)
The correction of ∆ due to the change of fL turns out to
be small:
δfL∆
α
∼= −Γinel
∆u
∫ ~ω0
∆u
0
xdx ≃ −
(
~ω0
∆u
)2
Γinel
∆u
, (31)
6and can be neglected compared to δF∆. Finally, we ob-
tain:
δ∆
∆u
∼= −π α
∆u
. (32)
The change in the distribution function δfL, given
by Eqs. (25), (26) has a minor effect on δ∆ because
δfL is nonzero only in the small energy interval E ∈
(−~ω0, ~ω0), where Imsin θu is small. It is obvious that
the same holds if the temperature is not small com-
pared to ~ω0 (but still small compared to ∆u). In the
case ~ω0 ≪ kBT ≪ ∆u, δfL is nonzero roughly at
E ∈ (−kBT, kBT ). Hence in the formula for δfL∆ one
has to replace (~ω0/∆u)
2
by approximately (kBT/∆u)
2
,
which is also a small factor .
The main results we obtain with this simplest possible
model of inelastic processes, are i) the formulas for the
rf-drive induced corrections to spectral functions and to
the order parameter Eq. (21) and Eq. (32), and ii) the
statement about smallness of the effect of the rf-drive
induced nonequlibrium in the quasiparticle subsystem on
the spectral functions.
III. SUPERCONDUCTING
DENSITY-OF-STATES AND MICROWAVES
The solution of Eqs. (13) and (17) provides the super-
conducting properties expressed in θ (E), which is depen-
dent on the microwave-frequency ω0 and its intensity, α.
The most direct manifestation of this change due to the
embedded microwave field, is the change of DOS, as de-
fined in Eq. (5). Previously, we have presented13 results
of the modified DOS for the case without inelastic pro-
cesses, which physically corresponds to Γinel ≪ α. Here,
we expand on those results by also calculating the change
of DOS for the opposite case Γinel > α.
The change of the density of states δN = N0Re[δ cos θ],
with δ cos θ given by Eq. (22). It consists two terms, both
proportional to the normalized field intensity:
δN =
∂N
∂α
α− ∂N
∂∆
π
∆u
α. (33)
The terms have different physical meaning. The first
term is of the main interest, because it describes qualita-
tive modification of DOS due to the embedded microvave
field. Its magnitude is given by
.
∂N
∂α = N0Re
[
i∆2u{(E++iΓinel)+(E+iΓinel)}
Ξ+Ξ3
]
+
+ {E+ → E−}
(34)
Because of the factors Ξ± ={
(E ± ~ω0 + iΓinel)2 −∆2u
}1/2
in the denominator, it
has features near the ’photon point’ energies ∆u ∓ ~ω0.
Near these energies, Eq. (34) can be approximated as
0.8 0.9 1.0 1.1 1.2
-0.4
-0.2
0.0
0.2
0.4
 
 
δN
(E
)/N
0
E/∆u
FIG. 2. The change of normalized DOS of a superconductor,
δN (E) /N0 = Re[δ cos θ (E)], under the influence of an rf-
drive with α/∆u = 10
−3. The black curve corresponds to the
absence of relaxation, the red curve corresponds to the value
of the relaxation rate Γinel/∆u = 0.003, the green curve cor-
responds to Γinel/∆u = 0.01, and the black curve corresponds
to Γinel/∆u = 0.03.
∂N
∂α
= N0
∆2u
[
(E± −∆u) +
{
(E± −∆u)2 + Γ2inel
}1/2]1/2
(2~ω0)
3/2
{
(E± −∆u)2 + Γ2inel
}1/2 .
(35)
Its maximum scales as
2−3/2 (Γinel/∆u)
−1/2 (~ω0/∆u)
−3/2, and the width
of the maximum is given by Γinel.
The second term of Eq. (33),
∂N
∂∆
= −N0∆u (E + iΓinel)
Ξ3
, (36)
describes the shift of DOS due to the suppression of the
order parameter, ∆, under influence of the microwave
field. It does not contain the photon-energy ~ω0.
The total change of DOS (33) is presented in Fig. 2, for
a fixed frequency ~ω0 = 0.1∆u and a fixed α = 10
−3∆u.
The change is normalized to the normal state DOS. The
inelastic collision-strength Γinel/∆u is varied from 0.003
(red), 0.01 (green), to 0.03 (blue). The smallest value al-
most coincides with the unperturbed curve (black), calcu-
lated within the approach published previously13. This
indicates that the violation of the conditionα ≪ Γinel,
which was needed to apply the linear expansion in α near
the peaks at ∆u and ∆u ± ~ω0, does not affects signif-
icantly the results for the spectral functions, confirming
that this condition is in practice not important. It is
clear that the inelastic processes reduce the visibility of
the photon-structures in the density of states. However,
a quantitative analysis of the behavior of Eq. (33) shows
7that the extremes in Reδ cos θ (E) near ∆u±~ω0 exist up
to Γinel/~ω0 ≈ 0.15 (for ~ω0 ≪ ∆u). Hence, in principle
the photon-steps should be clearly discernible, provided
a high enough accuracy can be obtained in an experiment
and sufficiently low temperatures are used.
The most important quantity for kinetic induction de-
tection and parametric amplification is the non-linear ki-
netic inductance, as expressed below in Eq. (46). It is a
clear experimental signature of how the microwave inten-
sity gets embedded in the Cooper-pair condensate. From
a practical point of view that particular result is directly
usable in a model. Unfortunately, it is not very infor-
mative about the influence of the microwave-field on the
microscopic properties of the superconductor and the de-
pendence on the materials properties. A much more crit-
ical test would be a direct measurement of the density of
states in the presence of microwaves.
Here, we propose an experiment in which the rf-driven
superconducting properties are measured with a tunnel
junction. It is well known that tunnel junctions are very
suitable to determine the density-of-states as well as the
Fermi distribution function of the superconductor. How-
ever, the challenge is to design an experiment in which
only one of the electrodes is driven by the microwave
field and not the other electrode. In addition, one wants
to avoid that in the measurement by the tunnel-current
the tunnel-process is modified by photon-assisted tun-
neling (PAT)43. This problem has plagued early exper-
iments by Kommers and Clarke44 and has led to some
early solutions by Horstman and Wolter45,46. The ex-
perimental challenge is to avoid or minimize an rf-field
across the tunnel-barrier, using the present-day fabrica-
tion technology and design tools. Fig. 3(a)-(c) shows our
proposed experiment, which takes these considerations
into account.
Our proposed circuit can be divided into two parts
which are shown in black and grey in Fig. 3. The black
layer is a superconductor, for instance aluminum, pat-
terned as indicated in the figure. The grey layer is
made of a normal conducting metal, for instance cop-
per. The dashed blue box in Fig. 3(a) indicates the
region where a normal metal-insulator-superconductor
(NIS) tunnel junction is formed between the black and
grey metals. This region is shown in more detail in
Fig. 3(b). The NIS tunnel junction is formed at the
overlap of the black superconducting wire with width
W ′ = 1 µm, thickness t = 20 nm, and the grey wire
with width W ′′ = 1 µm. The latter normal metal wire
has a total length of l = 21 µm and acts as an induc-
tance, just large enough, L ≈ 15 pH, to block the rf
currents Ix(ν) to the NIS junction. Through this we
prevent that they propagate into the junction and cou-
ple into the measurement circuitry attached to it. This
signal blockage works well in combination with an effec-
tively shorted wire (black layer) on which the junction is
patterned, explained in more detail in the following para-
graph. At the same time the length of normal metal wire
that connects to the NIS junction is short enough to avoid
FIG. 3. (a) Proposed device to test the theoretical model.
Black layers are patterned in a superconductor whereas grey
layers are patterned in a normal metal. The circuit lies in the
xy-plane of the indicated coordinate system. (b) Blow-up of
the region around the normal metal-insulator-superconductor
tunnel junction. (c) Side view of the tunnel junction (dark
red) specifying the created electric and magnetic fields by the
rf current Ix(ν) at the driving frequency ν = ω0/2pi. The
tunnel junction is used to probe the coherent excitation of
the (black) superconducting wire beneath the tunnel junction
by means of a density-of-states measurement of the wire. The
circuit sketch in (a) and (b) is drawn to scale.
a relevant series resistance, which gets added to the over-
all junction tunnel resistance. For a copper wire of the
chosen dimensions with a common thin film resistivity
of ρ0 = 0.4 µΩcm
47 one expects about 0.02 Ω of series
resistance. The NIS junction tunnel resistance should,
therefore, have a value much larger than this series resis-
tance, which is compatible with an opaque tunnel-barrier
to probe the superconducting properties. The NIS tunnel
junction is connected to three measurement terminals,
labeled 1 to 3 in the figure. They make it possible to
probe the dc tunneling curve of the NIS junction, while
the states in the superconducting wire with widthW ′ un-
8derneath the tunnel junction can be probed. Although in
our device proposal the NIS tunnel junction has an area
of 1 µm2, a smaller tunnel junction will equally suffice
to perform the experiment and will only insignificantly
modify the circuit functionality. Therefore, our design
is compatible with the established tri-layer and angle-
evaporation junction fabrication techniques that can re-
alize junctions of different sizes.
Terminal 1 is connected to a radio-frequency (rf) gen-
erator and is used to excite a transversal electromagnetic
(TEM) wave on a coplanar waveguide (CPW) transmis-
sion line up to frequencies of 60 GHz. The CPW is de-
signed to have a characteristic impedance of Zc = 50 Ω,
which we achieve by the CPW dimensions of S = 8 µm
and W = 11 µm on top of a 275 µm thick silicon wafer,
ignoring a natural silicon oxide layer of about 1 nm. The
CPW is terminated as a short circuit by the supercon-
ducting wire with width W ′ at the position of the NIS
junction. The short circuit results in a maximum and
homogeneous rf current Ix(ω0) in the wire and drives the
superconducting ground state in the wire at a particu-
lar frequency, ω0, and with a certain rf current magni-
tude which can be adjusted at the rf generator. We find
by modeling our circuit in CST48 that at the junction
tunnel barrier a magnetic and an electrical field is es-
tablished due to the rf-driving, as sketched schematically
in Fig. 3(c). We designed the circuit in such a way to
minimize primarily the electrical field component Ez , es-
tablished across the junction and which would lead to
unwanted PAT currents. If too large in magnitude, the
PAT currents would overwhelm the features due to the
coherently excited density-of-states, created on purpose
by to rf-drive from terminal 1. For an rf-drive power
of -20 dBm at terminal 1, we find that the rf current
which goes through the superconducting wire at the po-
sition of the tunnel junction will create a magnetic field
of By, Bz < 1 G at the tunnel barrier. Hence, it will
only slightly disturb the superconducting ground-state
that we want to study. For the same drive power we
expect additionally the build-up of an electrical (stray)
field Ez across the junction which on average will amount
to 4.5 V/m, leading to a parasitic voltage drop of only
4.5 nV across the junction for a tunnel barrier of 1 nm
thickness. Dependent on the differential resistance of the
NIS junction under the rf-drive of the order of several
100 Ω, this will cause only a negligible parasitic tunnel
current. The magnetic and electrical field values are de-
termined for an excitation frequency of ω0/2π = 15 GHz,
but will only slightly change for the other frequencies. Al-
though not specified in the figure, we envision to connect
the rf generator through a circulator or a directional cou-
pler to terminal 1. This way we prevent the build-up of
a standing wave due to the reflection of the TEM wave
at the wire terminating the CPW.
A second rf generator can be connected to terminal 2
and could be employed to excite a quasi-TEM wave on
a coplanar strip (CPS) transmission line which is con-
nected from the right side to the NIS junction. One
part of the CPS transmission line connects to the S-
part and the other part connects to the N-part of the
NIS junction, hence, an rf-current is driven on purpose
through the junction leading to a controlled PAT cur-
rent. This allows to disentangle possible PAT features
which might be introduced by exciting the circuit from
terminal 1 and which might disturb the density-of-states
and distribution function measurements. The coplanar
strip transmission line has a characteristic impedance
equal to Zc = 50 Ω, which we achieve by the dimen-
sions S′′′ = 3 µm and W ′′′ = 7 µm. We suggest to use a
normal metal for the part of the CPS which connects to
the N-part of the NIS junction in order to prevent that
the proximity effect modifies the density-of-states in the
NIS junction. Similar to the rf excitation from terminal
1, we also suggest to connect the rf generator at terminal
2 through a circulator or a directional coupler.
Finally, terminal 3 realizes the dc-bias or low-frequency
part of the circuit to voltage bias the NIS junction or
to apply a low frequency bias modulation for lock-in
measurements of the differential resistance. The latter
measurement yields a convolution of the density-of-states
with the distribution function of the two NIS junction
electrodes, which are both unknown, but should be dis-
entangled by a proper analysis of the measurements ob-
tained for different drive powers. For the same reason
we propose to use an asymmetric NIS junction for the
deconvolution procedure. Also, because of the applied
voltage to the NIS junction, we suggest to use DC-blocks
at the terminals 1 and 2 to protect the rf generators.
To fully characterize our device proposal, we need to
quantify also the isolation of the three terminals from
each other when an rf excitation is applied to them. We
find in our circuit simulation reasonable isolation values
of < −20 dB for S21, S31, S12 and S32 and for the opera-
tion frequency band 2-60 GHz. Therefore we believe that
by using the currently available technology an evaluation
of the microscopic properties of a superconductor in the
presence of microwaves is feasible.
IV. NON-LINEAR SUPERCONDUCTING
KINETIC INDUCTANCE
Another quantity, which is important for microwave
kinetic-inductance detectors and parametric amplifiers,
and determined by the change in spectral properties
and/or the distribution function, is the complex conduc-
tivity σ at frequency ω. It is given by:
σ(ω) =
σN
4~ω
∫
dE{(cos θ−Re cos θ + i sin θ−Re [i sin θ]) fL−
− ((cos θ)∗Re cos θ− + (i sin θ)∗Re [i sin θ−]) fL−}.
(37)
The imaginary part of the conductivity, measurable
through the kinetic inductance Lk, is given by the re-
lationship: Lk = 1/ωImσ. Equation (37) is the general-
ization of the Mattis-Bardeen relation34 for the case of
9not only non-equilibrium distribution functions, as was
done by Catalani et al,39, but also for changed spectral
functions. For low frequencies ~ω ≪ ∆u, the equation
for the imaginary part of the conductivity (37) reduces
to
Im[σ (ω ≪ ∆/~)] = Imσ0 = −σN
~ω
∫
dEIm
[
sin2 θ
]
fL.
(38)
The unperturbed value of Imσ (ω ≪ ∆/~) is given by
Imσ0,u = σN
∆u
~ω
π, (39)
which is a form of the above-mentioned well-
known relation between kinetic inductance and normal
resistance4,10.
The small correction to the kinetic inductance at low
frequencies, ~ω ≪ ∆u, i.e. the case of microwave radi-
ation on commonly used superconductors, is the sum of
two terms:
δLk
Lk,u
=
δαLk
Lk,u
+
δ∆Lk
Lk,u
. (40)
The first term describes the change of the kinetic induc-
tance due to the change of the spectral and distribution
functions under the influence of rf-drive,
δαLk
Lk,u
= − 1
Imσ0,u
∂Imσ0
∂α |∆=∆u
α, (41)
whereas the second term describes the change of the
kinetic inductance due to change of the order parameter
∆:
δ∆Lk
Lk,u
= − 1
Imσ0,u
∂Imσ0
∂∆ |α=0
δ∆. (42)
Because of (39) the second term, Eq. (42), equals to
δ∆Lk/Lk,u = −δ∆/∆u and is given by (32). The first
term, Eq. (41), is evaluated using the Eq. (38) for the
imaginary part of the conductivity:
δαLk
Lk,u
=
=
(∫
dE
∂Imsin2 θ
∂α
fL,u +
∫
dEIm
[
sin2 θu
] ∂fL
∂α
)
|∆=∆u
α.
(43)
The second integral in this equation, which describes the
contribution due to the change of the distribution func-
tion, is negligible for the same reason as the analogous
contribution to δ∆ in Eq. (27). The first integral in
Eq. (43) can be evaluated analytically in a way analo-
gous to the one used for Eq. (28), by taking into account
the Eqs. (20) and (23) and replacing E to iE:
(∫∞
0
dE ∂Imsin
2 θ
∂α fL,u
)
|∆=∆u
∼=
∼= −
∫∞
0 dy
8y2
{y2+1}5/2
= − 83
. (44)
Substituting this in the first term of Eq. (43), we obtain
δαLk
Lk,u
=
16
3π
α
∆u
, (45)
and, finally,
δLk
Lk,u
=
(
16
3π
+ π
)
α
∆u
≃ 4.84 α
∆u
. (46)
To facilitate comparison to Eq. (1), we rewrite Eq. (46)
in terms of
〈
I2rf
〉
/I2∗ , using Eq. (11):
Lk(
〈
I2rf
〉
) ≈ Lk (0) [1 +
〈
I2rf
〉
/I2∗ ] (47)
where I∗ =
√
2( 163pi + π)
−1/2π∆u/eRξ ≃ 2.02∆u/eRξ ≃
2.69Ic, – exactly as in the dc case.
This correction to the kinetic inductance, Eq. (46), as
well as the correction to the order parameter δ∆/∆u (32),
agree with the values found in the previous numerical
calculation13, despite the qualitative difference between
the unperturbed Green’s functions, as well as between
the corrections to them in the presence of rf-drive δ sin θ
and δ cos θ. In our view this agreement has the following
reason. The corrections to ∆ and Lk, as well as to other
quantities which are calculated as integrals of some spec-
tral functions in infinite or semi-infinite limits (and hence
are not sensitive to the value of Γinel), are expected to
be the same if calculated in both models. This is despite
of the fact that the linearization procedure presented in
this article requires α ≪ Γinel, whereas the derivations
in Ref.13 correspond to the opposite limit: Γinel ≪ α.
This indicates that introduction of Γinel in the Eq. (13)
can be considered, formally, as a trick which allows the
linearization with respect to the ratio α/∆u. It shifts
the poles of the Green’s functions away form the real
axis and removes singularities, which would render the
linearization unfeasible.
There is one more (and more deep) consequence of the
mentioned independence of this type of integral quan-
tities on the exact position of the poles. In the fi-
nal formulas, not only Γinel but also ~ω0 do not mat-
ter, i.e. one can safely replace E ± ~ω0 by E. Not-
ing that the same replacement (and Γinel → +0) in
the retarded Usadel equation turns it into the form of
the equation for the dc case, with the depairing pa-
rameter Γ = 2α, one sees that the corrections to these
integral quantities should be equal in the rf-case with
the one in the dc-case. Actually, the results (32) and
(46), expressed in terms of the root-mean-square value of
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the induced rf current (δ∆/∆u = −0.088
〈
I2rf
〉
/I2c and
δLk/Lk,u = 0.136
〈
I2rf
〉
/I2c ), exactly coincide with those
for the dc-depairing theory17, with
〈
I2rf
〉
→ I2dc. Phys-
ically, this means that the time-averaged quantities are
sensitive only to the averaged kinetic energy contained in
the supercurrent (the condensate of Cooper pairs), but
not to the frequency of its oscillations. We want to stress
that this equivalence between the dc- and the rf-cases
does not hold for the integral quantities, which depend
not only on spectral but also on the distribution func-
tions, like, for instance, the real part of the conductivity
or the differential conductance of an NIS tunnel-junction.
The inequality kBT ≪ ~ω0 make these latter quantities
sensitive to the exact position of the poles at E ± ~ω0.
We discuss briefly the applicability of these results to
the analysis of kinetic inductance traveling-wave para-
metric amplifiers3. Typically, these devices, exploiting
the nonlinearity of the kinetic inductance induced by a
strong supercurrent (pump), have to work under the con-
dition α ≪ ~ω0. The amplitude of the pump supercur-
rent Ip does not exceed Ic/3, hence
〈
I2rf
〉
/I2c ≃ 1/20
and the ratio α/∆u ≃ 0.028
〈
I2rf
〉
/I2c ≈ 10−3. For
∆u/h ≃ 300 GHz (NbTiN or NbN) and ω0/2π = 1 GHz,
this yields α/~ω0 ≃ 0.3, and for ω0/2π = 10 GHz yields
α/~ω0 ≃ 0.03 (see, for instance Refs.3,41 and42). At the
same time, the simplified model used to describe opera-
tion of these devices assumes that the kinetic inductance
is altered as if the current were dc3, i.e. is valid for the
opposite case. Hence, the simplified model has to be cor-
rected or confirmed with the use of the theory developed
in Ref.13 and the present one. To describe the paramet-
ric interaction between two weak signals in a transmis-
sion line, resonator, or lumped element, of which the ki-
netic inductance is modulated by a strong pump, one has
to know two quantities: the nonlinear correction to the
time-averaged admittance or kinetic inductance, which is
given by the formula (46), and the ’cross-frequency’ ad-
mittance Lcross, which is the coefficient between the cur-
rent at the frequency ω and the field at frequency 2ω0−ω
(with ω0 the frequency of the pump). To find Lcross, one
needs the components of the spectral functions oscillat-
ing at the frequencies ±2ω0. This calculation is beyond
the scope of the present paper. Here, we just note that
in the case of low frequencies (~ω0 ≪ α), where the dc-
case equations are valid, the relationship Lcross = δLk/2
holds3. For the rf-case, which is of interest here, we ex-
pect that Lcross depends only on α but not on ω0, at
least as long as ω0 ≪ ∆u. Hence, the answer should be
Lcross = const × α/∆u = const × δLk, which can differ
from the prediction of the theory based on the dc-case
quantitatively, but not qualitatively.
V. CONCLUSIONS
In summary, we describe theoretically the influence
of inelastic processes on coherent excited states of a
superconductor13. We considered the model, in which
these processes are represented in the relaxation approx-
imation, which analogous to exchange of electrons via
tunneling to a normal reservoir23. We have calculated an-
alytically the spectral functions as well as the nonequilib-
rium distribution function in the presence of a monochro-
matic rf-drive. We have demonstrated that when the
conditions of the ’quantum mode of depairing’ are ful-
filled, the change of the kinetic inductance is determined
primarily by the change of the spectral functions, and
not by the distribution function, which confirms the pre-
viously published results13.We have argued that our re-
sults are of a general meaning, independent of a specific
model for the inelastic relaxation. We have discussed the
implications for kinetic inductance traveling wave para-
metric amplifiers. Finally, we have presented a full design
of an experiment to measure the predicted modification
of DOS by embedded microwave field, within reach of
present day technology.
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